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a b s t r a c t
A set S of vertices of a connected graph G is a doubly connected dominating set if every
vertex not in S is adjacent to some vertex in S and the subgraphs induced by S and V − S
are connected. The doubly connected domination number γcc(G) is theminimum size of such
a set. We prove that when G and G are both connected of order n, γcc(G)+ γcc(G) ≤ n+ 3
and we describe the two infinite families of extremal graphs achieving the bound.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Many problems in extremal graph theory seek the extreme values of graph parameters on families of graphs. Results of
Nordhaus–Gaddum type study the extreme values of the sum (or product) of a parameter on a graph and its complement,
following the classic paper of Nordhaus and Gaddum [7] solving these problems for the chromatic number on n-vertex
graphs. In this paper, we study such problems for the doubly connected domination number.
For domination problems, multiple edges and loops are irrelevant, so we forbid them. We use V (G) and E(G) for the
vertex set and edge set of a graph G. For a vertex v ∈ V (G), the open neighborhood N(v) is the set {u ∈ V (G): uv ∈ E(G)}
and the closed neighborhood N[v] is the set N(v) ∪ {v}. The open neighborhood N(S) of a set S ⊆ V is the set⋃v∈S N(v),
and the closed neighborhood N[S] of S is the set N(S) ∪ S. The degree in G of a vertex v and the minimum degree of G are
respectively denoted by dG(v) and δ(G). The distance dG(x, y) of two vertices x, y in G is the length of a shortest (x, y)-path
in G. If no such path exists, we set dG(x, y) = ∞. The greatest distance between any two vertices in G is the diameter of G,
denoted by diam(G). The vertex-connectivity κ(G) of a connected graph G is the minimum number of vertices that must be
removed to disconnect G. A support vertex of a graph is a vertex adjacent to a leaf. The corona of a graph G is obtained by
attaching a pendant edge at each vertex of G. We denote by Pn and Cn the path and the cycle on n vertices.
For a graph G, a set S ⊆ V (G) is a dominating set if N[S] = V (G). When G is connected, a dominating set S is a connected
dominating set if the subgraph induced by S, denoted G[S], is connected, and S is a doubly connected dominating set if both
subgraphs induced by S and V − S are connected. The minimum size of a dominating set, a connected dominating set, and
a doubly connected dominating set is the domination number γ (G), the connected domination number γc(G), and the doubly
connected domination number γcc(G), respectively. For each vertex x different froma cutvertex of a connected graphG,V−{x}
is a doubly connected dominating set. Since every connected graph of order n ≥ 2 has at least two non-cutvertices, γcc(G) is
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defined for such graphs G and γ (G) ≤ γc(G) ≤ γcc(G) ≤ n− 1. Cyman, Leman`ska and Raczek, who introduced the concept
of double domination in [1], proved more precisely the following results.
Theorem A. For every connected graph G on n ≥ 2 vertices
γcc(G) ≤ n− 1,
with equality if and only if either G = K2 or for each pair of adjacent non-cut vertices u, v ∈ V (G), G[V (G) − {u, v}] is
disconnected.
Theorem B. Let G be connected graph with n ≥ 2 vertices and vertex-connectivity κ(G). Then γcc(G) ≤ n− κ(G)+ 1.
Theorem C. Every doubly connected dominating set D of a connected graph G contains all the support vertices of G and all its
leaves except possibly one.
The complement G of a graph G of order n is defined by V (G) = V (G) = V and E(G) = E(Kn) − E(G). When G is a
connected graph with n vertices whose complement G is also connected, then n ≥ 4, δ(G) ≥ 1 and δ(G) ≥ 1, diam(G) ≥ 2
and diam(G) ≥ 2. All our results assume this context since γcc(G) and γcc(G)must be defined. Let min{δ(G), δ(G)} = δ∗ and
max{diam(G), diam(G)} = diam∗.
Inequalities of Nordhaus–Gaddum type have been established for many kinds of domination parameters. Some of them
can be improved when constraints on G and G are imposed. For the original domination number and the connected
domination number, the following bounds have been proved.
1. γ (G)+ γ (G) ≤ n+ 1 for every graph G [3];
2. γ (G)+ γ (G) ≤ n2 + 2 if δ(G), δ(G) ≥ 1 [4];
3. γ (G)+ γ (G) ≤ 2n5 + 3 if δ(G), δ(G) ≥ 2, with some small exceptions [2];
4. γ (G)+ γ (G) ≤ 3n8 + 2 if δ(G), δ(G) ≥ 3, with some small exceptions [2].
When G and G are connected:
5. γc(G) + γc(G) ≤ n when n ≥ 6 with equality if and only if G or G is a path Pn, a cycle Cn or a cycle C6 plus two small
crossing edges [6];
6. γc(G)+ γc(G) ≤ 3n4 when δ∗(G) ≥ 3 and n ≥ 14; sharp when 4 divides n [5].
7. γc(G)+ γc(G) ≤ δ∗(G)+ 2 when γc(G), γc(G) ≥ 4, with equality possible when and only when δ∗(G) = 6 [5].
8. γc(G)γc(G) ≤ 2n− 4 when n ≥ 7, with equality only when G or G is a path or a cycle [5].
Note that the bound of Item 2 cannot be lowered by adding the stronger hypothesis that G and G are connected since it
is attained by the corona of a connected graph.
The aim of this paper is to find a sharp upper bound on γcc(G)+γcc(G) in terms of n. For connected graphs of order n ≥ 4,
the best upper bounds γ (G) ≤ n2 , γc(G) ≤ n − 2, γcc(G) ≤ n − 1 are known. Similarly we will see that when G and G are
connected, the best upper bound on γcc(G) + γcc(G) has the same order of magnitude as that on γc(G) + γc(G) while by
Items 2 and 5, the best upper bound on γc(G)+ γc(G) is nearly twice that on γ (G)+ γ (G).
Since δ∗ ≥ 1, both γc(G) and γc(G) are greater than 1. Therefore we assume γcc(G), γcc(G) ≥ 2. To avoid any ambiguity,
we must always clearly say in which graph, G or G, we are working. When necessary, we give this precision by using
the notation NG(S) or NG(S), dG(S) or dG(S), and so on. We use the abbreviations DS, CDS, DCDS for dominating set,
connected dominating set, doubly connected dominating set. Some assertions in the proofs are consequence of the following
observations.
Observation 1. To prove that a graph H is connected, it is sufficient to exhibit a CDS of H .
Observation 2. Let H = (V , E) be a graph with components Hi = (Ai, Ei) with 1 ≤ i ≤ ` and ` ≥ 2. Then every set {ai, aj}
with ai ∈ Ai and bj ∈ Bj is a CDS of H¯ and γc(H) ≤ 2. In particular, two complementary graphs H and H cannot be both
disconnected.
Observation 3. Let H = (V , E) be a graph with components Hi = (Ai, Ei) with 1 ≤ i ≤ ` and ` ≥ 2. For 1 ≤ i ≤ `, let
Bi ⊆ Ai with a strict inclusion for at least two values of i. Then H[(A1 − B1) ∪ (A2 − B2) ∪ · · · ∪ (A` − B`)] contains all the
edges between all the parts Ai − Bi and thus is connected.
Observation 4. If G is a 3-connected graph of order n, then γcc(G) ≤ n− 2 by Theorem A since for any edge xy ∈ E(G), none
of {x}, {y}, {x, y} is a cutset.
Observation 5. If G is a connected graph such that γc(G) < κ(G), then γcc(G) = γc(G) since a minimum CDS of G is not a
cutset and thus is a DCDS.
Observation 6. Similarly, if G is a connected graph such that γc(G) ≤ κ(G) and G has no connected κ(G)-cutset, then
γcc(G) = γc(G).
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2. Bounds on γcc(G)+ γcc(G)
In this section we establish a sharp bound on the sum γcc(G) + γcc(G) in terms of the number of vertices. In order to
characterize the extremal graphs, we first describe two infinite families of graphs.
Definition 1. Let n ≥ 4 be an integer.
• The graph Ln consists of a clique Kn−2 plus two pendant edges zx and ty attached at two different vertices z and t of the
clique.
• The graph Hn consists of a complete split graph which is the join of an independent set K n−4 and a clique K2 of vertices
x, y plus two pendant edges xt and yz.
We observe that Ln and Hn are complementary from each other. Note also that for n = 4, L4 = H4 is the path P4 and that
γcc(L4)+ γcc(L4) = 2γcc(P4) = 6 = n+ 2.
Proposition 2. For n ≥ 5, γcc(Ln) = 4 and γcc(Hn) = n− 1.
Proof. The set {x, z, t, y} is a DCDS of Ln. Hence γcc(Ln) ≤ 4. Let S be a minimum DCDS of Ln. By Theorem C we can assume
that {x, z, t} ⊆ S. If y ∈ S, then S = {x, z, t, y}. If y 6∈ S, then since Ln(V − S) is connected, S = V − {y} and |S| = n− 1 ≥ 4.
Therefore γcc(Ln) = 4.
Let S be a minimum DCDS of Hn. By Theorem C, we can assume that {t, x, y} ⊆ S. Since Hn[V − S] is connected and
Hn[V − {t, x, y}] consists of n− 3 isolated vertices, S contains n− 4 of these isolated vertices. Hence |S| = n− 1. 
In what follows, we assume without loss of generality that diam∗ = diam(G) and we consider a diametrical path
v0v1 . . . vD of G with D = diam(G). We denote by Vi the set of vertices at distance i from v0. The determination of the
upper bound on γcc(G)+ γcc(G) depends on the value of diam∗.
Lemma 3. If G and G are connected on n vertices and diam∗ ≥ 4, then
γcc(G)+ γcc(G) ≤ n+ 1.
Proof. Let v0v1 . . . , vD with D ≥ 4 be a diametrical path of G. In G, v0 dominates V2 ∪ V3 ∪ · · · ∪ VD and vD−1 dominates V1.
Hence the set {v0, vD−1} is a CDS of G. Similarly v1 dominates V3∪· · ·∪VD and vD dominates V1∪V2. Hence {v1, vD} is a CDS
of G[V −{v0, vD−1}]. By Observation 1, G[V −{v0, vD−1}] is connected. Thus {v0, vD−1} is a DCDS of G. Therefore γcc(G) ≤ 2.
By Theorem A, γcc(G)+ γcc(G) ≤ n+ 1. 
Lemma 4. If G and G are connected on n vertices and diam∗ = 3, then
γcc(G)+ γcc(G) ≤ n+ 3.
Equality occurs if and only if n ≥ 5 and G is one of the graphs Ln or Hn.
Proof. If n = 4, then G = G = P4 and γcc(G) + γcc(G) = 6 < n + 3. In what follows, we suppose n ≥ 5. Let v0v1v2v3
be a diametrical path of G chosen such that the degree of v0 is as small as possible. This implies dG(v3) ≥ dG(v0). Note that
{v0, v3} is a CDS of G.
Case 1. |V3| > 1
Let t ∈ V3 − {v3} andW = {w ∈ V2 | V1 ∪ (V3 − {t}) ⊆ NG(w)}. Since in G the set X = {v0, t} ∪W is dominated by v0
and the set {v0, t} is dominating, X is a CDS of G. Moreover, in G, the set V1 ∪ (V3− {t}) is connected and dominates V2−W
by the definition ofW . Hence V1 ∪ (V3 − {t}) is a CDS of G[V1 ∪ (V2 −W ) ∪ (V3 − {t})] = G[V − X]. Therefore G[V − X] is
connected by Observation 1 and X is a DCDS of G. Thus γcc(G) ≤ |W | + 2.
If |W | ≤ 1 then γcc(G) ≤ 3 and γcc(G) + γcc(G) ≤ n + 2 by Theorem A. Suppose |W | ≥ 2 and let w ∈ W ∩ NG(t) if
W ∩ NG(t) 6= ∅, w ∈ W otherwise. Let Y = {v0, w} ∪ V1 ∪ (V2 −W ) ∪ (V3 − {v3}). The set V1 ∪ (V2 −W ) ∪ {w} is a CDS
of G[Y ], which shows that G[Y ] is connected. Recall that by the definitions of t andW , every vertex ofW is adjacent to all
the vertices of V3 − {t}, and in particular to v3. The set Y is a DS of G since V1 dominatesW and w is adjacent to v3. The set
V − Y = (W − {w})∪ {v3} is connected in G since dominated by v3. Therefore Y is a DCDS of G, γcc(G) ≤ n− |W | and since
γcc(G) ≤ |W | + 2, γcc(G)+ γcc(G) ≤ n+ 2.
Case 2. V3 = {v3}
Subcase 2.1. |V1| ≥ 2
By the choice of the path v0v1v2v3, |V2| ≥ dG(v3) ≥ 2. In particular, |V1| + |V2| ≥ 4. If G[V1 ∪ V2] is connected, then
{v0, v3} is a DCDS of G, γcc(G) ≤ 2 and γcc(G)+γcc(G) ≤ n+1 by Theorem A. Suppose henceforth G[V1∪V2] is disconnected
and let C1, C2, . . . , Cp be its components. Each set V − V (Ci) is a DCDS of G and
γcc(G) ≤ min{n− |V (Ci)| | 1 ≤ i ≤ p}. (1)
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We consider two cases.
2.1.1. There exist two vertices w1 ∈ V1 and w2 ∈ NG(v3) belonging two different components C1 and C2 of G[V1 ∪ V2]. By
Observation 2, {w1, w2} is a CDS of G[V1 ∪ V2].
If G[V1 ∪ V2 − {w1, w2}] is connected, then {w1, w2} is a DCDS of G, γcc(G) ≤ 2 and γcc(G)+ γcc(G) ≤ n+ 1.
If G[V1∪V2−{w1, w2}] is not connected then, by Observation 3 andwithout loss of generality, one of the following three
cases occurs: |V (C1)| = |V (C2)| = 1 and p = 3, |V (C1)| = 1 and p = 2, |V (C2)| = 1 and p = 2.
– If |V (C1)| = |V (C2)| = 1 and p = 3, then G[V1 ∪ V2 − {w1, w2}] is connected, {v0, w1, w2, v3} is a DCDS of G and
γcc(G) ≤ 4. On the other hand, V2 ∪ {w1, v3} is a DCDS of G and γcc(G) ≤ n− 2. Hence γcc(G)+ γcc(G) ≤ n+ 2.
– If |V (C1)| = 1 and p = 2, then G[V1 ∪ V2 − {w1}] is connected, {v0, w1, v3} is a DCDS of G and γcc(G) ≤ 3. Hence
γcc(G)+ γcc(G) ≤ n+ 2.
– If |V (C2)| = 1 and p = 2, then G[V1 ∪ V2 − {w2}] is connected, {v0, w2, v3} is a DCDS of G and γcc(G) ≤ 3. Hence
γcc(G)+ γcc(G) ≤ n+ 2.
2.1.2. V1 ∪ NG(v3) is contained in one component Ci of G[V1 ∪ V2]. Letw ∈ V1 − {v1} and z ∈ Cj with j 6= i. Then zv3 ∈ E(G).
If |V (Cj)| ≥ 2 or if |V (Cj)| = 1 and p ≥ 3, then G[V1 ∪ V2 − {w, v2, z}] is connected by Observation 3 since
|V1 ∪ NG(v3)| − {w, v2}| 6= ∅. Hence, since |V1| ≥ 2, G[V − {w, v2, z, v3}] is connected. Since z dominates in G all the
vertices of Ci, {w, v2, z, v3} is a CDS of G. Hence {w, v2, z, v3} is a DCDS of G and γcc(G) ≤ 4. By (1), γcc(G) ≤ n−|Ci| ≤ n−4.
Therefore, γcc(G)+ γcc(G) ≤ n.
If |V (Cj)| = 1 and p = 2, then G[V − {v0, z, v3}] is connected and {v0, z, v3} is a DCDS of G. Hence γcc(G) ≤ 3 and
γcc(G)+ γcc(G) ≤ n+ 2 by Theorem A.
Hence in both cases, γcc(G)+ γcc(G) ≤ n+ 2.
Subcase 2.2. V1 = {v1}
By Observation 2, at least one of G[V2 − {v2}] and G[V2 − {v2}] is connected.
2.2.1. Suppose G[V2 − {v2}] is connected. Then {v0, v1, v2, v3} is a DCDS of G and γcc(G) ≤ 4. Let A be the vertex set
of a largest component of G[V2 − {v2}]. Then the set V − A, which admits {v0, v1, v2, v3} as a CDS, is a DCDS of G and
γcc(G) ≤ n − |A|. If |A| ≥ 2, γcc(G) + γcc(G) ≤ n + 2. Let us suppose |A| = 1, i.e., G[V2 − {v2}] is independent. If
|NG(v3)| > 1, let t ∈ NG(v3) ∩ (V2 − {v2}). None of the sets {v3}, {t}, {v3, t} is a cutset of G. By Theorem A, γcc(G) ≤ n − 2
and γcc(G)+ γcc(G) ≤ n+ 2. Finally suppose |NG(v3)| = 1. If there exists v ∈ V2 − {v2} such that vv2 ∈ E(G), then G[V2] is
connected and {v0, v1, v3} is a DCDS of G. Hence γcc(G) ≤ 3 and γcc(G)+ γcc(G) ≤ n+ 2. If V2 ⊆ NG[v2], then G is the graph
Hn described above and γcc(G)+ γcc(G) = n+ 3 by Proposition 2.
2.2.2. Suppose G[V2 − {v2}] is connected. Then {v0, v1, v2, v3} is a DCDS of G and γcc(G) ≤ 4. Let B be the vertex set of a
largest component of G[V2 − {v2}]. Then V − B is a DCDS of G, γcc(G) ≤ n− |B| and if |B| ≥ 2, then γcc(G)+ γcc(G) ≤ n+ 2.
Let us suppose |B| = 1, i.e., G[V2 − {v2}] is complete. If |NG(v3)| > 1, then G[{v3} ∪ (V2 − {v2})] is connected, {v0, v1, v2} is
a DCDS of G, γcc(G) ≤ 3 and γcc(G)+ γcc(G) ≤ n+ 2. If NG(v3) = {v2} and there exists t ∈ V2 − {v2} such that v2t ∈ E(G),
then none of the sets {v2}, {t}, {v2, t} is a cutset of G. Therefore γcc(G) ≤ n− 2 by Theorem A and γcc(G)+ γcc(G) ≤ n+ 2.
In the remaining case, G is the graph Ln described above and γcc(G)+ γcc(G) = n+ 3 by Proposition 2. 
In what follows, we assume that diam(G) = diam(G) = 2. Note that in the case, G and G are 2-connected and
min{δ(G), δ(G)} ≥ 2. (2)
Lemma 5. Let G and G be connected on n vertices withmin{κ(G), κ(G)} = 2 and diam(G) = diam(G) = 2. Then
γcc(G)+ γcc(G) ≤ n+ 2.
Proof. Assumewithout loss of generality that κ(G) = 2. Let S = {u, v} be a vertex cutset of G and let G1,G2, . . . ,Gt (t ≥ 2)
be the components of G− S. Since diam(G) = 2 and t ≥ 2, each vertex in G− S is adjacent to a vertex in S. Since δ(G) ≥ 2,
there exist two vertices u′ ∈ NG(u)− {v}, v′ ∈ NG(v)− {u} and these two vertices must be different. Since dG(u′, v′) ≤ 2, u′
and v′ belong to the same component Gi, say to G1. Therefore NG(u) ∪ NG(v) ⊆ V (G1) and ∪ti=2 V (Gi) ⊆ NG(u) ∩ NG(v). In
particular if t = 2 andV (G2) = {w},wu, wv ∈ E(G) implies that {u, v, w} is aDCDS forG andwehaveγcc(G)+γcc(G) ≤ n+2
by Theorem A. Now let t = 2 and |V (G2)| ≥ 2 or t ≥ 3. If V (G1) = {u′, v′}, then {u, u′, v′} is a DCDS for G and we have
γcc(G) + γcc(G) ≤ n + 2 by Theorem A. Let |V (G1)| ≥ 3. The set V (G) − V (G1) is a DCDS for G and so γcc(G) ≤ n − 3. Let
w ∈ V (G2). Since t ≥ 3 or |V (G2)| ≥ 2, G[V − {u, v, u′, v′, w}] is connected by Observation 3 and {u, v, u′, v′, w} is a DCDS
for G. Hence γcc(G) ≤ 5 and γcc(G)+ γcc(G) ≤ n+ 2. 
In the following two lemmas, G and G are 3-connected. By Observation 4,
γcc(G) ≤ n− 2 and γcc(G) ≤ n− 2. (3)
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Lemma 6. Let G and G be 3-connected with diam(G) = diam(G) = 2. If G or G has a connected 3-vertex-cutset, then
γcc(G)+ γcc(G) ≤ n+ 2.
Proof. Assume without loss of generality that S = {x, y, z} is a connected 3-cutset of G and that xy, yz ∈ E(G). Let
G1,G2, . . . ,Gt (t ≥ 2)be the components ofG−S. SinceG is 3-connected, every vertex of S has a neighbor in each component
Gi. If {x, y} is a dominating set for G, then by Observation 5 and by (3) we get γcc(G)+ γcc(G) ≤ n. So we may assume there
exists a vertex vz ∈ ∪ti=1 V (Gi)which is not dominated by {x, y}. Similarly, we assume there exists a vertex vx ∈ ∪ti=1 V (Gi)
which is not dominated by {z, y}. Since diam(G) = 2, each vertex inG−Smust be adjacent to a vertex in S. Hence xvx ∈ E(G),
zvz ∈ E(G) and vx 6= vz . Moreover d(vx, vz) ≤ 2 implies that vx and vz belong to the same component, say to G1, and all the
vertices of the other components are adjacent to x and to z.
Case 1. The set {x, z} dominates V (G1) in G.
Since x and z are both adjacent in G to all the vertices of ∪ti=2 V (Gi), {x, z} is a DS of G. Let w be a vertex of G2 such
that G[(V (G2) − {w}) ∪ {y}] is connected (such a vertex always exists since y has at least one neighbor in V (G2) and if
|V (G2)| ≥ 2, then G2 contains at least two non-cutvertices). Since y has a neighbor in each component Gi, {x, w, z} is a DCDS
of G, γcc(G) ≤ 3 and by (3), γcc(G)+ γcc(G) ≤ n+ 1.
Case 2. The set V (G1) 6⊆ NG({x, z}).
Let vy be a vertex of G1 such that vyx ∈ E(G) and vyz ∈ E(G). Necessarily, vyy ∈ E(G). Letw be any vertex of G2.
If t = 2 and V (G2) = {w}, then {x, y, z, w} is a DCDS for G, γcc(G) ≤ 4 and the result follows by (3).
If t = 2 and |V (G2)| > 2 or t ≥ 3, then {vx, vz, y, w} is a DCDS of G, γcc(G) ≤ 4 and the result follows by (3). 
Lemma 7. Let G and G be 3-connected without connected 3-cutsets and with diam(G) = diam(G) = 2. Then
γcc(G)+ γcc(G) ≤ n+ 1.
Proof. By (3) and by Observations 5 and 6, it is sufficient to prove that γc(G) ≤ 3 or γc(G) ≤ 3.
Let x be a vertex of G. The set X = V − NG[x] is not empty since G is connected, and X is dominated by NG(x) since
diam(G) = 2. Let F0 be a largest subset of NG(x) that does not dominate X in G and let F = NG(x)− F0. Let T0 = NG(F0) ∩ X
and T = X − T0. Clearly, F 6= ∅ and T 6= ∅. By the maximality of F0, T ⊆ NG(u) for every u ∈ F and thus F0 ∪ {x, u} is a CDS
of G. If |F0| ≤ 1, then γc(G) ≤ 3 and we are done. Assume henceforth |F0| ≥ 2.
Claim A. If T0 does not dominate NG(x) in G, then γc(G) ≤ 3.
Proof of Claim A. Let y ∈ NG(x)− NG(T0). If y ∈ F , let S = {x, y}. If y ∈ F0, let S = {x, y, z}with z ∈ F . In both cases the set
S is a CDS of G and γc(G) ≤ 3. 
We suppose henceforth NG(x) ⊆ NG(T0).
Claim B. If F does not dominate X in G, then γc(G) ≤ 3.
Proof of Claim B. Let z0 ∈ X − NG(F). Then z0 ∈ T0 since T ⊆ NG(F). Let z ∈ T . In G, x dominates X , z0 dominates F and z
dominates F0. Hence {x, z0, z} is a CDS of G and γc(G) ≤ 3. 
We suppose henceforth X ⊆ NG(F).
Claim C. If F does not dominate F0 in G, then γc(G) ≤ 3.
Proof of Claim C. Let z ∈ F0 − NG(F) and t ∈ T . In G, the set {x, z, t} is connected and x dominates X , z dominates F , t
dominates F0. Hence {x, z, t} is a CDS of G and γc(G) ≤ 3. 
We suppose henceforth F0 ⊆ NG(F). Then F is a dominating set of G, G[F ∪ T ] is connected and G[V − (F ∪ T )] =
G[F0 ∪ T0 ∪ {x}] is connected. Hence the set F ∪ T is a DCDS of G and
γcc(G) ≤ |F | + |T |. (4)
Let F1 = {u ∈ F | F0 6⊆ NG(u)}. Since X = NG(x) and NG(x) ⊆ NG(T0), the set S = T0 ∪ (F − F1)∪ {x} is a CDS of G. Moreover
the set V − S = F0 ∪ F1 ∪ T is connected since all the edges between F0 and T are in G and F1 ⊆ NG(F0) by the definition of
F1. Therefore S is a DCDS of G and
γcc(G) ≤ |T0| + |F | − |F1| + 1. (5)
Adding (4) and (5) gives
γcc(G)+ γcc(G) ≤ n+ |F | − |F0| − |F1|. (6)
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If |F | − |F0| − |F1| ≤ 1, we are done. Henceforth assume |F | ≥ |F0| + |F1| + 2. Since |F − F1| > |F0|, the definition of F0
implies that X ⊆ NG(F − F1) and that any maximal subset A of F − F1 such that X 6⊆ NG(A) satisfies |A| ≤ |F0|. Let A be such
a subset of F − F1 and let t ∈ F − F1 − A. In G the set B = A∪ {t} ∪ T is connected since all the edges between A∪ {t} and T
exist. Moreover the set A∪{t} dominates F0 by the definition of F1 and dominates T0 by the definition of A, and the set V −B
is connected. Hence B is a DCDS of G and
γcc(G) ≤ |A| + |T | + 1 ≤ |F0| + |T | + 1. (7)
Adding (5) and (7) gives
γcc(G)+ γcc(G) ≤ n− |F1| + 1 ≤ n+ 1. 
Our main result is a direct consequence of Lemmas 3 to 7.
Theorem 8. Let G be a connected graph of order n ≥ 4 whose complement G is connected. Then
γcc(G)+ γcc(G) ≤ n+ 3
with equality if and only if G ∈ {Ln,Hn}.
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